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We present time-of-flight inelastic neutron scattering measurements at low temperature on powder
samples of the magnetic pyrochlore oxides Tb2Ti2O7 and Tb2Sn2O7. These two materials possess
related, but different ground states, with Tb2Sn2O7 displaying “soft” spin ice order below TN ∼
0.87 K, while Tb2Ti2O7 enters a hybrid, glassy spin ice state below Tg ∼ 0.2 K. Our neutron
measurements, performed at T = 1.5 K and 30 K, probe the crystal field states associated with
the J = 6 states of Tb3+ within the appropriate Fd3¯m pyrochlore environment. These crystal field
states determine the size and anisotropy of the Tb3+ magnetic moment in each material’s ground
state, information that is an essential starting point for any description of the low-temperature phase
behavior and spin dynamics in Tb2Ti2O7 and Tb2Sn2O7. While these two materials have much
in common, the cubic stanate lattice is expanded compared to the cubic titanate lattice. As our
measurements show, this translates into a factor of ∼ 2 increase in the crystal field bandwidth of the
2J + 1 = 13 states in Tb2Ti2O7 compared with Tb2Sn2O7. Our results are consistent with previous
measurements on crystal field states in Tb2Sn2O7, wherein the ground-state doublet corresponds
primarily to mJ = |±5〉 and the first excited state doublet to mJ = |±4〉. In contrast, our results on
Tb2Ti2O7 differ markedly from earlier studies, showing that the ground-state doublet corresponds to
a significant mixture of mJ = |±5〉, |∓4〉, and |±2〉, while the first excited state doublet corresponds
to a mixture of mJ = |±4〉, |∓5〉, and |±1〉. We discuss these results in the context of proposed
mechanisms for the failure of Tb2Ti2O7 to develop conventional long-range order down to 50 mK.
PACS numbers: 75.25.-j 75.10.Kt 75.40.Gb 71.70.Ch
I. INTRODUCTION
Geometrically frustrated magnetic materials combine
magnetic moments with interactions and anisotropies
that inhabit certain crystalline architectures such that
a conventional ordered state cannot easily form at
low temperatures.1 In two dimensions, the best ap-
preciated combinations include simple antiferromag-
netism and two-dimensional assemblies of triangles, as
occurs in either the triangular2,3 or kagome lattice
antiferromagnets.4–6 In three dimensions, the combina-
tion of local Ising anisotropy and net ferromagnetic in-
teractions on the pyrochlore lattice, a three-dimensional
network of corner-sharing tetrahedra, leads to spin ice
physics.7–9 Magnetism in materials based on such a py-
rochlore lattice structure often leads to exotic ground
states which may lack long-range order, such as spin
glass,10–16 spin liquid17–21 and spin ice state,7–9,22–24 as
well as ordered magnetic structures that are selected by
exotic mechanisms such as quantum or thermal order by
disorder.25–27
A great variety of cubic pyrochlore magnets with chem-
ical formula R2M2O7 crystallizes in the Fd3¯m space
group. In this formula, R is a magnetic trivalent rare-
earth ion (e.g. Gd, Tb, Dy, Ho, Er and Yb) with eightfold
oxygen coordination (Fig. 1) and M can be either a non-
magnetic (Ti, Zr, Sn) or a magnetic (Mn, Mo) tetravalent
transition-metal ion with sixfold oxygen coordination.28
The two sublattices of R ions and M ions form inde-
pendent and interpenetrating networks of corner-sharing
tetrahedra.28 Much attention has focused on those cubic
pyrochlores for which only one of the R or M sublattices
is magnetic (see, however, Refs. [11,12]) as this tends to
distill out the physics of interacting magnetic moments
on a simpler, three-dimensional, frustrated crystalline ar-
chitecture.
The ground states exhibited by the rare earth py-
rochlores are varied due to the breadth of magnetic inter-
actions and anisotropies that they display. The angular
momentum J of a free R3+ ion is determined by applying
Hund’s rule to its partially filled 4f shell. In R2M2O7,
each R3+ ion is surrounded by eight oxygen ions. The
local electric potential environment created by these oxy-
gen ions at the R3+ site, the “crystal field”, lowers the
full O(3) rotation symmetry to the symmetry of a cube
compressed along one of its body diagonals, D3d. As a
result, the 2J + 1 levels split into the energy eigenstates
of the crystal field Hamiltonian. The energies and wave
functions of these crystal field levels determine the size
and anisotropy of the magnetic moments of the R3+ ions,
as well as their interactions at low temperature.
Understanding the size, anisotropy, and ultimately the
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2wave functions associated with the ground state mag-
netic moment in the R2M2O7 pyrochlores is an essen-
tial starting point to the full description of their ex-
otic low-temperature properties. Estimates for the crys-
tal field eigenfunctions and eigenvalues for many R3+
ions in R2M2O7 pyrochlores have been derived from in-
elastic neutron scattering.18,25,29–34 As the crystal field
eigenvalues in these systems can extend to energies of
∼ 100 meV, the unique determination of the eigenvalues
and eigenfunctions of the crystal field levels is not neces-
sarily straightforward. Recent advances in time-of-flight
neutron spectroscopy have greatly enhanced our capabil-
ity to measure such crystal field (and other magnetic)
excitations over a broad dynamic range in energy. It is
therefore timely to re-examine some of the earlier crystal
field studies, especially in cases where the precise details
of the crystal field eigenfunctions are believed to be im-
portant to ground-state selection and to the nature of the
experimentally observed exotic ground state.
Important cases are the crystal field eigenfunctions
and eigenvalues for Tb3+ in Tb2Ti2O7 and Tb2Sn2O7.
These two isostructural compounds are both cubic py-
rochlores with antiferromagnetic Curie-Weiss constants
of ΘCW ∼ −19 K18–20,33 and ∼ −12 K,35 respectively
(note that estimates of ΘCW with the contribution of
the crystal field field states taken into account result in
smaller, but still antiferromagnetic, ΘCW values
18,33). In
both materials, the M site is nonmagnetic, populated by
Ti4+ or Sn4+, respectively. Tb2Sn2O7 is strongly (∼ 3%)
expanded compared with Tb2Ti2O7 with room tempera-
ture lattice parameters of 10.426 A˚36 and 10.149 A˚,20
respectively. In both materials, the low-lying crystal
field excitations have been previously studied using triple
axis neutron scattering techniques.18,33 The picture of a
ground-state doublet separated by ∼ 1.5 meV from an
excited state doublet in both materials has been known
for some time.18,20,33 The next highest energy eigenstates
begin at ∼ 10 meV.18,20,33 The nature of the crystal
field eigenstates at energies large compared to ∼ 10 meV,
where at least half of the 2J + 1 = 13 crystal field states
reside, are less well understood. Moreover, the precise
details of even the low-lying crystal field states, which
determine the ground-state and low-temperature prop-
erties, are overall better understood in the context of a
more comprehensive study extending over a broader dy-
namic range in energy, as allowed by time-of-flight neu-
tron techniques.
The nature of the ground state in Tb2Ti2O7 has been
debated for almost 15 years, since it was realized that it
does not display a conventional long-range ordering down
to ∼ 0.05 K,19,20 in spite of its ΘCW ∼ −19 K. It does
show evidence for a magnetically frozen state at temper-
atures below ∼ 0.2 K,21,37–39 and there has been a flurry
of recent neutron scattering work, showing evidence for
both “pinch point” diffuse scattering and short-range
frozen order with a ( 12 ,
1
2 ,
1
2 ) ordering wavevector, also
at temperatures of ∼ 0.2 K.40–43 The diffuse Bragg-like
peaks observed at the (12 ,
1
2 ,
1
2 ) ordering wavevector have
been modeled on the basis of an antiferromagnetically
correlated “soft” spin ice state, where all spins within
the cubic unit cell point either into or out of the tetra-
hedra on which they reside, locally satisfying the two-
spins-in−two-spins-out “ice rules”.40 Neighboring cubic
unit cells are pi out of phase with respect to each other,
and the resulting order extends only over a couple of unit
cells. The “soft” descriptor here refers to the fact that
the spins do not point exactly along local 〈111〉 direc-
tions, that is, they do not point exactly into or out of the
tetrahedra, but make an angle of ∼ 10◦ with respect to
their local 〈111〉 directions. In addition, recent work44 on
polycrystalline samples of Tb2+xTi2−xO7+y, with x and
y within 0.5% of stoichiometry, have shown an anomaly
in the heat capacity near 0.4 - 0.5 K which is very sensi-
tive to the exact value of x and y.
Two theoretical proposals have been put forward as
to why Tb2Ti2O7 fails to order at the “expected” tem-
peratures ∼ 1 K,22 both of which critically involve the
crystal field eigenfunctions and eigenvalues for Tb3+ in
Tb2Ti2O7. One of these, referred to as “quantum spin
ice”,45 proposes that interaction-induced virtual transi-
tions between the ground-state doublet and first excited
state crystal field doublet of Tb3+ renormalize the anti-
ferromagnetic effective exchange interaction to ferromag-
netic. This leads to a spin ice state, akin to that dis-
played by the “classical” spin ice systems Ho2Ti2O7
9,46,47
and Dy2Ti2O7,
7 but now with the addition of quan-
tum spin fluctuations48–50 that are concurrently gener-
ated through the virtual transitions between the crystal
field states.45 These virtual transitions are likely quite
strong in Tb2Ti2O7 due to the proximity in energy of the
ground-state and first excited state doublets. The com-
peting theoretical scenario involves the fact that a Tb3+
ion, in its 4f8 configuration, possesses an even number of
electrons. The doublet nature of its crystal field ground
state is therefore not protected by Kramers’ theorem.
Bonville and collaborators have proposed that Tb2Ti2O7
undergoes a Jahn-Teller phase transition at low but finite
temperature to a singlet ground state, creating a suffi-
ciently large singlet-singlet gap such that dipolar mag-
netic order does not occur.51 While this is an attractive
scenario in several respects, no direct evidence exists for
a lowering of the crystal symmetry of Tb2Ti2O7 below
cubic,52 despite serious attempts to look for the relevant
splitting of cubic Bragg peaks.53 Strong magnetoelastic
effects have been observed in dilatometry and Young’s
modulus measurements,54,55 and high resolution x-ray
scattering down to 0.3 K and in zero field show evidence
for Jahn-Teller-like fluctuations,53 but no splitting is ob-
served except under the application of very high mag-
netic fields (∼ 25 T).56 In the absence of such a splitting,
the evidence for the hypothetical Jahn-Teller distortion
comes principally from intensities of crystal field transi-
tions out of the ground state.51
In contrast to Tb2Ti2O7, Tb2Sn2O7 can only be stud-
ied in polycrystalline form, due to the strong tendency
of SnO2 to sublimate at modest temperatures. While
3less extensively studied than Tb2Ti2O7 for that reason,
it has also been less controversial in part because it
does exhibit clear signs of magnetic order at temper-
atures of ∼ 1 K. The expanded lattice of Tb2Sn2O7
compared with Tb2Ti2O7 tends to strengthen ferromag-
netic near-neighbor dipolar interactions relative to an-
tiferromagnetic exchange. This tendency appears to be
strong enough in Tb2Sn2O7 that it displays a two-step or-
dering process with ferromagnetic correlations appearing
rapidly below ∼ 1.3 K, soon followed by a phase tran-
sition to an ordered “soft” spin ice state below TC =
0.87 K.36,57 Again, the “soft” descriptor refers to the
fact that the Tb3+ moments are oriented at an angle of
13.3◦ with respect to their local 〈111〉 directions (directly
into or out of the tetrahedra).36,58 The two-spins-in−two-
spins-out “ice rules” of the local [111] projection of the
magnetic moments are obeyed within the soft ordered
spin ice structure of Tb2Sn2O7 below TC. It is an or-
dered state, distinct from the disordered “classical” spin
ice state by virtue of the long-range correlations present
within it. Despite the evidence provided for long-range
order by neutron scattering, µSR measurements show
this ordered spin ice state to coexist with slow, corre-
lated magnetic fluctuations on the time scale of 10−4 s
to 10−8 s and which persist down to the lowest temper-
atures measured.57,59
The above discussion makes it rather clear that, in-
dependent of the nature of the physics operating in
Tb2Ti2O7 that endows it with complex low-temperature
(T . 0.5 K) properties and properties different from its
sister compound Tb2Sn2O7, this physics must depend on
the nature of the crystal electrical field states, and in par-
ticular their |mj〉 spectral decomposition. Indeed, both
the quantum spin ice and the split-doublet theoretical
scenarios depend on the specific nature of that decompo-
sition. Ideally, for the quantum spin ice scenario lever-
aged from virtual crystal field fluctuations, one would
need to have access to the bare (unrenormalized) wave
functions of the isolated Tb3+ ions in order to construct
the effective low-energy theory of the material.45,60,61 As
a first step towards this goal, we reinvestigate the crystal
field states of “dense” Tb2Ti2O7 and Tb2Sn2O7 to ascer-
tain that, at least, the “dressed states” (dressed by inter-
actions) are well characterized. The presence of interac-
tions leads to an entanglement of the crystal field wave
functions of the otherwise free (noninteracting) Tb3+.
How to describe these dressed states in the presence of
strong correlations when the bare states are not known
is a difficult problem. In the present work, we sidestep
this difficulty by parametrizing the transitions we de-
termined via inelastic neutron scattering using a sim-
ple noninteracting single-ion crystal field Hamiltonian.
Practically, this amounts to neglecting the dispersion of
the crystal field levels generated by the interactions. As
we see below, only one set of measured transitions in
both Tb2Ti2O7 and Tb2Sn2O7 displays measurable dis-
persion. This is relatively weak, and does not persist to
the T = 30 K data. We thus consider that proceeding
with a single-ion Hamiltonian to parametrize the crystal
field transitions observed in Tb2Ti2O7 and Tb2Sn2O7 is
a reasonable starting point.
In this paper, we present new time-of-flight inelastic
neutron scattering measurements on polycrystalline sam-
ples of Tb2Ti2O7 and Tb2Sn2O7 at energy transfers less
than ∼ 90 meV. These measurements were performed
at two temperatures, 1.5 K and 30 K, such that we can
observe transitions both out of the ground-state doublet
alone, and out of the combination of both the ground-
state and first excited state crystal field state doublets.
Parameters describing the crystal fields appropriate to
both Tb2Ti2O7 and Tb2Sn2O7 are then determined by
fitting these measurements to the results of crystal field
calculations, and the eigenfunctions and eigenvalues ap-
propriate to Tb3+ in both environments are determined.
In Sec. II, we present the details of the sample prepara-
tion and the neutron scattering measurements. We then
introduce in Sec. III the theoretical calculations of the
crystal field Hamiltonian and the magnetic neutron scat-
tering cross section. In Sec. IV, we compare the neu-
tron scattering results and appropriate calculations and
describe the resulting crystal field eigenvalues and eigen-
functions for Tb2Ti2O7 and Tb2Sn2O7. These results are
discussed in Sec. V.
II. EXPERIMENTAL DETAILS
Powder samples of Tb2Ti2O7 and Tb2Sn2O7 were syn-
thesized by mixing high purity Tb4O7 with TiO2 and
SnO2, respectively, in the appropriate stoichiometric ra-
tios, and placing these in high density aluminum oxide
crucibles. The materials were fired in air for two days
at temperatures of 1100 ◦C, 1200 ◦C, 1300 ◦C and fi-
nally 1350 ◦C, with intermediate grindings. Powder x-
ray diffraction measurements showed high-quality single-
phase materials displaying the cubic space group Fd3¯m.
Inelastic neutron scattering measurements were per-
formed on the SEQUOIA direct geometry time-of-flight
spectrometer62 at the Spallation Neutron Source (SNS)
of Oak Ridge National Laboratory. Measurements were
performed at T = 1.5 K and 30 K and over a wide dy-
namic range of energy transfer, using incident neutron
energies, Ei, of 11, 45 and 120 meV, in order to probe
the crystal field excitations over a large range in energy.
Measurements employing higher incident energies cover a
larger dynamic range, and correspond to coarser energy
transfer resolution, which is typically 2-3% of Ei.
Two 100 mm diameter Fermi choppers were used for
these measurements: the coarse-resolution chopper had
a 3.5 mm slit spacing and the fine-resolution chopper had
a 2 mm slit spacing. For Ei=120 meV, the coarse reso-
lution chopper was spun at 300 Hz and the bandwidth-
limiting T0 chopper was spun at 180 Hz. The fine resolu-
tion chopper was spun at 180 and 420 Hz for Ei =11 and
45 meV, respectively. For Ei=11 meV, the T0 chopper
operated at 60 Hz and, for Ei=45 meV, it operated at 90
4Hz. In all cases, the corresponding energy resolution at
the elastic position was ∼ 3% of Ei; 0.3 meV at Ei=11
meV, 1.3 meV at Ei=45 meV and 3.5 meV at Ei=120
meV.
The powder samples of Tb2Ti2O7 and Tb2Sn2O7 were
placed in a flat plate Al cell to completely cover the
5 cm × 5 cm beam, and the Al cell was mounted in an
Orange ILL cryostat with a base temperature of 1.5 K.
The data were normalized to vanadium to remove vari-
ation in detector efficiency. Background data from an
empty aluminum can was subtracted from the signal.
III. CRYSTAL FIELD AND MAGNETIC
NEUTRON SCATTERING CALCULATION
A. Crystal Field Calculations
The Tb3+ ion has eight electrons in the 4f shell with
angular momentum J = 6 according to Hund’s rule. In
Tb2M2O7 (M=Ti, Sn), each Tb
3+ ion is surrounded by
eight oxygen ions, which form a distorted cube (Fig. 1),
compressed along one of its body diagonals. The crystal
electric field created by these oxygen ions at the Tb3+ site
has D3d symmetry. As a result, the crystal field Hamil-
tonian is invariant under three-fold rotations around the
local [111] direction as well as point inversion with respect
to the Tb3+ site. Taking into account these constraints,
the crystal field Hamiltonian can be written in terms of
Steven’s operator equivalents as18,33
Hcf =αJD
0
2O
0
2 + βJ
(
D04O
0
4 +D
3
4O
3
4
)
+ γJ(D
0
6O
0
6 +D
3
6O
3
6 +D
6
6O
6
6)
(1)
where the coefficients are αJ = −1/99, βJ = 2/16335,
γJ = −1/891891 for Tb3+.63 Dmn are the crystal field
parameters that will be determined for Tb2M2O7 with
M=Ti and Sn in this paper. Another equivalent form
for this Hamiltonian, expressed in terms of spherical har-
monics Y mn is:
H ′cf =
∑
nm
Bmn
√
4pi
2n+ 1
Y mn (2)
The two sets of coefficients, Dmn and B
m
n , in Eqs. (1) and
(2) can be transformed into each other by Dmn = λ
m
n B
m
n ,
where the λmn are given for Tb
3+ in Table I.64
The crystal field parameters are difficult to calculate
from first principles, so they are usually determined by
comparison between theoretical crystal field calculations
and experimental data. The most direct comparison is
to inelastic neutron scattering data, as this technique di-
rectly probes the spectroscopy of the crystal field eigen-
functions, according to magnetic dipole selection rules.
We therefore turn to the calculation of the magnetic neu-
tron scattering cross section relevant to such crystal field
states.
FIG. 1. (Color online) The crystal environment immediately
around the Tb3+ ion (purple) within Tb2M2O7 is shown.
Each Tb3+ ions is surrounded by eight oxygens (red and beige
at the vertices of the cube) which form a distorted cube. The
two apical oxygens (red) along one diagonal of the cube (the
local [111] direction) are closer to the Tb3+ ion than are the
other six oxygens (shown in beige).
TABLE I. Values of λmn for Tb
3+.64
λ02 λ
0
4 λ
3
4 λ
0
6 λ
3
6 λ
6
6
1/2 1/8 −√35/2 1/16 −√105/8 √231/16
B. Magnetic Neutron Scattering Cross Section
Following the notation of Squires,65 the magnetic neu-
tron scattering cross section is given by the expression
d2σ
dΩdE′
= (γr0)
2 k
′
k
∑
αβ
(δαβ − κˆακˆβ)
∑
λλ′
pλ
× 〈λ ∣∣Q†α∣∣λ′〉 〈λ′ |Qβ |λ〉 δ (Eλ − Eλ′ + ~ω) ,
(3)
where Qα in Eq. (3) is related to the Fourier transform of
the magnetization, and this expression can be simplified
to
d2σ
dΩdE′
= C
k′
k
∑
α
∑
λλ′
pλ
〈
λ
∣∣J†α∣∣λ′〉 〈λ′ |Jα|λ〉Lλλ′ (4)
where C is a constant, k and k′ are the mod-
uli of the incident and scattered wavevectors.∑
α
∑
λλ′ pλ
〈
λ
∣∣J†α∣∣λ′〉 〈λ′ |Jα|λ〉 is the sum over
the intensities of the transitions from crystal field state
|λ〉 of energy Eλ to the crystal field state |λ′〉 of energy
Eλ′ , pλ is the probability that the crystal is initially in
5the state λ and Jα is the x, y, or z component of the
total angular momentum operator.
Lλλ′ is a Lorentzian function, which describes the line-
shape of the transition from state |λ〉 of energy Eλ to the
state |λ′〉 of energy Eλ′ :
Lλλ′ =
1
pi
Γλλ′
Γ2λλ′ + [~ω − (Eλ′ − Eλ)]2
, (5)
This function replaces the delta function in the energy
difference between the two states in Eq. (3). As crys-
tal field states typically have little dispersion and a long
lifetime, the energy width of Lλλ′ , Γλλ′ , is usually deter-
mined by the finite instrumental energy resolution of the
spectrometer. As a rule, the lower the incident energy,
the better the resolution, which means the narrower the
relevant inelastic peak in the spectrum.
IV. INELASTIC NEUTRON SCATTERING AND
CRYSTAL FIELD CALCULATION RESULTS
We show in Fig. 2 the inelastic neutron scattering data
for Tb2Ti2O7 (left side) and Tb2Sn2O7 (right side) taken
on the SEQUOIA time-of-flight chopper spectrometer at
the SNS.62 Figures 2(a)-(c) show data for Tb2Ti2O7 us-
ing (a) Ei = 11, (b) 45, and (c) 120 meV, while Figs.
2(d)-(f) show the same Ei = 11, 45, and 120 meV data
sets, respectively, for Tb2Sn2O7. As nearly identical
amounts of the two Tb2Ti2O7 and Tb2Sn2O7 powder
samples were loaded into identical sample cans in the
same cryostat, a direct comparison can be made between
the two sets of data, all taken at T = 1.5 K. These
color contour maps show the full energy vs |Q| data
sets. Inspection of Fig. 2 shows a large number of ex-
citations which are mostly identified as magnetic crystal
field excitations, due to their weak dispersion and their
|Q| independence. The top data sets, in Fig. 2(a) for
Tb2Ti2O7 and Fig. 2(d) for Tb2Sn2O7, show the rela-
tively low-energy crystal field excitations below ∼ 8 meV,
and show great similarity between the two pyrochlores.
The lowest-lying crystal field excitations, between 1 and
2 meV in energy, do exhibit weak dispersion in these
T = 1.5 K data sets in both materials, as was previ-
ously reported.17–19 This dispersion disappears at tem-
peratures large compared to ΘCW, and it is not observed
in our T = 30 K data sets. This dispersion develops
inversely with the strength of the peak in the magnetic
diffuse scattering, and is attributed to the formation of
strong short-range spin correlations. A random phase
approximation (RPA) calculation for a simple Hamil-
tonian for Tb2Ti2O7 can explain this disappearance of
the dispersion for T > ΘCW.
66 Clear differences between
Tb2Ti2O7 and Tb2Sn2O7 are evident at intermediate en-
ergies, up to ∼ 40 meV as seen in Figs. 2(b) and 2(e),
and these differences persist to the highest energies mea-
sured, ∼ 90 meV, as shown in Figs. 2(c) and 2(f).
Consistent with previous measurements,17–19 we see
that the lowest energy crystal field excited states, at
FIG. 2. (Color online) Color contour maps of energy vs |Q|
from the inelastic neutron scattering data for Tb2Ti2O7 and
Tb2Sn2O7 at T = 1.5 K are shown. The top two plots show
data at relatively low energies taken with Ei = 11 meV neu-
trons. Well-defined transitions between the ground-state crys-
tal field doublet and the lowest excited state crystal field dou-
blet between 1-2 meV as well as weak dispersion of this ex-
citation, are observed for both samples. The middle panels
show data up to ∼ 43 meV, using Ei = 45 meV neutrons. The
bottom panels show data taken to the highest energy trans-
fers, employing Ei = 120 meV neutrons. All data sets shown
are for T = 1.5 K. An empty can background was subtracted
and the data were corrected for detector efficiency.
the minimum of their dispersion, in either Tb2Ti2O7 or
Tb2Sn2O7 are at ∼ 1 meV ∼ 11 K, and therefore the
base temperature of T = 1.5 K assures us that we are
observing transitions out of the ground state only. As
the lowest-lying excited crystal field states are confined
to energies less than 2 meV ∼ 22 K, and the next highest-
energy crystal field states are at ∼ 10 meV ∼ 110 K, our
measurements at T = 30 K correspond almost solely to
the ground-state and first excited state crystal field ex-
citations being populated. Thus, at 30 K, we observe
transitions from both sets of these low-lying crystal field
states, but not out of the excited levels at an energy > 10
meV (∼ 110 K).
In order to quantitatively analyze the neutron scat-
tering results shown in Fig. 2 in terms of appropriate
crystal field excitations discussed in Sec. III, we need
to extract line scans of intensity versus energy for data
sets corresponding to each of the three Ei’s and for each
of Tb2Ti2O7 and Tb2Sn2O7. Doing so requires an inte-
6FIG. 3. (Color online) Cuts (blue) of the inelastic neutron
scattering data shown in Fig. 2 are compared with theoretical
calculations (red) of the magnetic neutron scattering cross
section for crystal field excitations from (a) Tb2Ti2O7 and
(b) Tb2Sn2O7, at T = 1.5 K. Spectra over the three different
energy ranges shown in Fig. 3 were taken using the three
different Ei shown in Fig. 2, and used an integration in |Q|
as indicated in the figure.
gration of the data in Fig. 2 in |Q|. Due to the kine-
matic constraints of the neutron scattering, wherein it
is impossible to satisfy energy and momentum conserva-
tion at small |Q| and high energy, such an integration
in |Q| depends on the energy range of the crystal field
excitation of interest, with more energetic crystal field
excitations requiring access to higher |Q|. These results
are shown in Fig. 3(a) for Tb2Ti2O7 and in Fig. 3(b)
for Tb2Sn2O7. For both materials, we employ an inte-
gration over 1 A˚−1 < |Q| < 1.4 A˚−1 for both Ei = 11
and 45 meV. The highest energy crystal field excitations
extend to higher energies in Tb2Ti2O7 compared with
Tb2Sn2O7 and consequently for the Ei = 120 meV data
sets, we employ an integration of 2 A˚−1 < |Q| < 3 A˚−1
for Tb2Sn2O7 and 2 A˚
−1 < |Q| < 5 A˚−1 for Tb2Ti2O7.
Figures 4(a), 4(d), 5(a), and 5(d) show the same data
as was shown in Fig. 3 at T = 1.5 K for (a) Tb2Ti2O7
and (d) Tb2Sn2O7, as well as the corresponding data
at T = 30 K for different energies. Figs. 4(a) and 4(d)
show Ei = 11 meV data sets from 1 to 6 meV, while Figs.
5(a) and 5(d) show the Ei = 45 meV data sets from 7
to 20 meV. Taken together, Figs. 3(a), 4(a), and 5(a)
show, at T = 1.5 K, a single transition out of the ground
state at ∼ 1 meV, one transition near 10 meV, and two
close together near 14 and 16.5 meV, a transition near
49 meV and a final very weak transition near 70 meV
[18] [18]
FIG. 4. (Color online) Comparison between the low-energy
inelastic scattering measurements (< 6 meV) and calcula-
tions for the magnetic neutron scattering between crystal
field states for (a)-(c) Tb2Ti2O7 and (d)-(f) Tb2Sn2O7. This
shows the measured and calculated spectra at both T = 1.5 K
and 30 K. The calculations shown in (b) and (e) use our newly
determined crystal field parameters shown Table II. For com-
parison, (c) and (f) show the equivalent calculation using the
crystal field parameters determined previously by Mirebeau
et al.18 As can be seen, the temperature dependence of the
low-energy spectra does not distinguish between these two
model calculations.
for Tb2Ti2O7. For Tb2Sn2O7 at T = 1.5 K, we see a
transition out of the ground state near 1 meV, another
transition near 10.5 meV, a single transition near 15.5
meV, and a final observable transition at ∼ 34 meV. For
both Tb2Ti2O7 and Tb2Sn2O7, the general trend is that
the crystal field transitions are weaker at higher energies,
and thus the identification of the transitions from the
ground state to the excited crystal field states is more
robust at lower energies. Nonetheless, the intensity of
the inelastic peaks as a function of energy can be modeled
by calculations of the magnetic neutron scattering cross
section appropriate to transitions between Tb3+ crystal
field states, as described in Sect. III.
These calculations have been carried out. In all cases,
we set the energy widths associated with all transitions,
Γλλ′ , to be determined by our finite energy resolution of
∼ 3% of Ei, so full widths at half maximum of ∼ 0.3 meV
for Ei = 11 meV, 1.4 meV for Ei = 45 meV and 3.6 meV
for Ei = 120 meV. This calculation will not reproduce the
dispersion known to be relevant to the lowest ∼ 1.5 meV
transitions at T = 1.5 K, in both materials, as shown
in Figs. 4(a) and 4(d). For that reason, we fitted the
integrated intensity of this lowest transition by artifically
raising its energy to its 1.5 meV value observed at T =
7[18] [18]
FIG. 5. (Color online) Comparison between inelastic scat-
tering measurements at moderate energies (6 meV< E < 20
meV) and calculations for the magnetic neutron scattering
between crystal field states for (a)-(c) Tb2Ti2O7 and (d)-(f)
Tb2Sn2O7. This shows the measured and calculated spec-
tra at both T = 1.5 K and 30 K. The calculations shown
in (b) and (e) use our newly determined crystal field param-
eters shown in Table II. For comparison, (c) and (f) show
the equivalent calculation using the crystal field parameters
determined previously by Mirebeau et al.18 At low tempera-
tures, T = 1.5 K, this energy regime shows transitions from
both the ground-state doublet to crystal field states beyond
the first excited state doublet. At T = 30 K, it shows tran-
sitions from both the ground-state doublet and first excited
state doublet to crystal field states beyond the first excited
state doublet. For that reason, and in contrast to data shown
in Fig. 4, this inelastic data is very sensitive to the specific
details of the spectral decomposition (eigenfunctions) of both
the ground-state and first excited state doublets.
30 K.
In the case of Tb2Sn2O7, we used the crystal field
parameters previously determined for Tb2Sn2O7 by
Mirebeau and co-workers as starting points to fit our
spectra.18 In the case of Tb2Ti2O7, we also used the
Mirebeau et al.18 parameters determined for Tb2Ti2O7,
but minimized both the sum of the least squares of the
difference between the measured and calculated neutron
intensity, as well as the sum of the least squares of the
difference between the experimental and calculated crys-
tal field energies (subject to the aforementioned caveat
regarding the dispersion of the lowest lying crystal field
excitation). In the case of Tb2Ti2O7, this was required in
order to place two excitations from the ground-state dou-
blet to excited states in the 12-17 meV energy range at
T = 1.5 K, as observed in the data reported here [see Fig.
5 (a)], and also in earlier measurements on Tb2Ti2O7.
The crystal field calculation using the Tb2Ti2O7 pa-
rameters determined by Mirebeau et al.18 produces only
a single crystal field level in this same energy regime at
T = 1.5 K. For this reason, and as shown explicitly in
Fig. 5(c), the Tb2Ti2O7 calculated parameters deter-
mined from Mirebeau et al.18 do not describe our mea-
surements well in this 7-20 meV regime. This is in con-
trast to our Tb2Sn2O7 neutron data, where the Mirebeau
et al. parameters do provide a good description of our
data, as can be seen by comparing Figs. 5(d)-5(f).
The results of this fitting procedure are shown as
the red lines in Figs. 3(a) and 3(b) for Tb2Ti2O7 and
Tb2Sn2O7, respectively, and in Figs. 4(b) and 5(b) for
Tb2Ti2O7 at T = 1.5 and 30 K, as well as Figs. 4(e)
and 5(e) for Tb2Sn2O7 at T = 1.5 K and 30 K. Clearly,
the description of the crystal field excitation energies and
intensities is good over the full energy range studied for
both Tb2Ti2O7 and Tb2Sn2O7. We also repeated this
same fitting protocol for both materials using a variable
energy width, Γλλ′ , for each transition. While this obvi-
ously produced better agreement between the measured
and calculated neutron spectra than fitting with Γλλ′
fixed at values approximating the finite energy resolu-
tion of the spectrometer, it did not affect the eigenvalues
or eigenfunctions extracted from these fits beyond a ±2%
level.
It is clear from Figs. 2(a) and 2(d) that the low-energy
crystal field eigenvalues are very similar in Tb2Ti2O7 and
Tb2Sn2O7 at both T = 1.5 and T = 30 K. The mean
energy and the weak dispersion characterizing the tran-
sition from the ground state to first excited state are
both very similar in the two materials. It is at higher
energies, in particular between 6 and 20 meV, as shown
in Fig. 5(a) and 5(d), where significant qualitative dif-
ferences appear. Specifically at T = 1.5 K, Tb2Ti2O7
shows three transitions from the ground state to excited
crystal field states in this range, while Tb2Sn2O7 shows
only two. This difference, clear in both the T = 1.5 K
data sets of Fig. 5(a) and 5(d), and in the very differ-
ent temperature dependence which occurs on populating
the first set of excited states, as occurs for either ma-
terial at T = 30 K, was not fully appreciated in ear-
lier triple axis neutron spectroscopic studies of the Tb3+
levels in Tb2Ti2O7
18,33 and Tb2Sn2O7.
18 The first such
work, by Gingras et al.33 on Tb2Ti2O7 was performed
at T = 12 K and consequently the “extra” peak near
14 meV was misinterpreted as arising out of the first ex-
cited state, rather than out of the ground state. The
later work by Mirebeau et al.18 on Tb2Ti2O7 did show
a discrepancy between triple axis neutron measurements
and the corresponding crystal field calculation. However,
this discrepancy was not refined such that the three ex-
citations at T = 1.5 K, from the ground-state doublet of
Tb2Ti2O7 to excited crystal field states in the 7-20 meV
range, could be accounted for.
Our fits to our new Tb2Ti2O7 data in this range, shown
in Figs. 5(a) and 5(b), are an excellent description of this
data at T = 1.5 K. At T = 30 K, the description is also
good, although a weak excitation arising from a transi-
8tion from the excited state doublet to the singlet, ∼ 10
meV above the ground state is not as evident in the data
[Fig. 5(a)] as the calculation [Fig. 5(b)] predicts. There
is a small shift towards lower energies in the peak near
10 meV at 30 K compared with 1.5 K, and the line shape
is asymmetric with enhanced scattering on the lower-
energy side, consistent with an additional peak on the
low-energy shoulder of the ∼ 10 meV peak at T = 30 K.
Again, the observed effect is less pronounced than the
calculation. This could arise because this excitation out
of the excited state doublet has either dispersion or a
finite lifetime, and therefore has a larger energy width
than the one that we have ascribed to it on the basis of
energy resolution alone. Indeed, the aforementioned fits
in which the Γλλ′ is a fit parameter account for this effect
well.
The six crystal field parameters, Dmn in Eq. (1),
obtained from this fitting procedure for Tb2Ti2O7 and
Tb2Sn2O7 are listed in Table II [in units of wave num-
ber cm−1, 1 K = 0.0862 meV= 0.695 cm−1]. This set
of parameters describes very well the transitions out of
the ground state (at T = 1.5 K) shown in Figs. 3-5, as
well as out of the equilibrium population of ground and
first excited states appropriate to T = 30 K. Given that
the first excited state is at an energy of ∼ 1.5 meV when
T = 30 K, and the next highest-energy crystal field state
is at ∼ 10 meV ∼ 110 K, both the ground state and
first excited states in Tb2Ti2O7 and Tb2Sn2O7 are ap-
proximately equally populated at T = 30 K. The calcula-
tion of the magnetic neutron scattering in the low-energy
regime, with transitions between the ground and first ex-
cited states only, is shown in Fig. 4. The intensity of this
transition drops by a factor of ∼ 2 between T = 1.5 K
and T = 30 K for any model that possesses the same
degeneracy for the ground and first excited states. This
is the case for both our crystal field parameters shown
in Table II and those obtained earlier by Mirebeau and
co-workers.18 Thus, the temperature dependence of the
low-energy crystal field scattering is not a sensitive probe
of the nature of the Tb3+ crystal field parameters in ei-
ther material. However, the temperature dependence of
the crystal field scattering at higher energies, as shown
between 6 and 20 meV in Fig. 5, such that one can also
probe transitions from the first excited state, which is
populated at 30 K, is much richer. Here, one is very sen-
sitive to the concurrent details of the ground-state and
first excited state eigenfunctions, as well as to the details
of the eigenfunctions relevant to the high-energy crystal
field states to which the neutron can make transitions to.
V. DISCUSSION
A. Crystal structure and crystal field parameters
The resulting energy eigenvalues and eigenfunctions
that arise from fitting our inelastic neutron scattering
data to Tb2Ti2O7 and Tb2Sn2O7 are given in Table III
TABLE II. Crystal field parameters (Dmn ) appropriate to
Tb3+ in Tb2Ti2O7 and Tb2Sn2O7 as derived from fitting our
inelastic neutron scattering data at both T = 1.5 K and 30
K with calculations of the magnetic neutron scattering cross
section due to transitions between crystal field states. Note
that 1 K = 0.0862 meV= 0.695 cm−1.
D02
(K)
D04
(K)
D34
(K)
D06
(K)
D36
(K)
D66
(K)
Tb2Ti2O7 833.12 389.39 5562.84 123.98 5182.89 8807.51
Tb2Sn2O7 225.37 331.9 249.59 -29.17 -649.79 1199.91
and the spectra of energy eigenvalues are illustrated in
Fig. 6. As was clear from our earlier discussion, and
consistent with earlier measurements, the lowest-energy
sector consists of a ground-state doublet and first ex-
cited state doublet separated by an energy ∆1 ∼ 1.5
meV in both materials. However, the eigenfunctions
making these doublets are quite different. In the case
of Tb2Sn2O7, our results are fully consistent with early
triple axis work,18 wherein the ground state (g) and first
excited state (1) doublets are described by
∣∣ψSng 〉 =0.925 |∓5〉 ± 0.292 |±4〉 ± 0.242 |∓2〉
+ 0.017 |±1〉 (6)
and
∣∣ψSn1 〉 =0.942 |∓4〉 ± 0.300 |±5〉 ± 0.149 |∓1〉
+ 0.020 |±2〉 (7)
For Tb2Ti2O7, however, our new eigenfunctions are
very different from those previously reported,18,33 and
are given by
∣∣ψTig 〉 =0.810 |∓5〉 ± 0.472 |±4〉 ± 0.338 |∓2〉
+ 0.078 |±1〉 (8)
and
∣∣ψTi1 〉 =0.799 |∓4〉 ± 0.507 |±5〉 ± 0.279 |∓1〉
+ 0.163 |±2〉 (9)
For reference, we have calculated the magnetic neutron
scattering spectra using the crystal field parameters ob-
tained earlier by Mirebeau et al.,18 and these results are
compared with our new experimental data in Figs. 4(c),
4(f), 5(c) and 5(f). It is only for Tb2Ti2O7 and only for
the crystal field levels in the 6 to 20 meV range, shown
in Fig. 5(c), that the deficiency of the earlier estimate
for the crystal field parameters is evident. We note that
earlier still triple axis work by Gingras et al.,33 which had
reached much the same conclusions as the later work of
Mirebeau et al.,18 did not produce estimates for the Dmn
9TABLE III. The crystal field eigenvalues and eigenstates determined for Tb3+ in Tb2Ti2O7 (top) and Tb2Sn2O7 (bottom) are
shown. The first column displays all of the crystal field energy eigenvalues, while the corresponding eigenfunction appropriate
to each eigenvalue is given in each such row, in terms of the Jz basis states for J = 6.
Tb2Ti2O7
E(meV)
|−6〉 |−5〉 |−4〉 |−3〉 |−2〉 |−1〉 |0〉 |1〉 |2〉 |3〉 |4〉 |5〉 |6〉
0 0 0.810 0 0 0.338 0 0 0.078 0 0 0.472 0 0
0 0 0 -0.472 0 0 0.078 0 0 -0.338 0 0 0.810 0
1.41 0 -0.507 0 0 0.163 0 0 -0.279 0 0 0.799 0 0
1.41 0 0 0.799 0 0 0.279 0 0 0.163 0 0 0.507 0
10.12 0.055 0 0 0.705 0 0 0 0 0 0.705 0 0 -0.055
14.13 0.689 0 0 0.084 0 0 0.193 0 0 -0.084 0 0 0.689
16.85 -0.705 0 0 0.055 0 0 0 0 0 0.055 0 0 0.705
48.96 0.136 0 0 -0.623 0 0 -0.432 0 0 0.623 0 0 0.136
71.68 0 0 -0.217 0 0 -0.372 0 0 0.861 0 0 0.269 0
71.68 0 -0.269 0 0 0.861 0 0 0.372 0 0 -0.217 0 0
100.99 0 0 -0.302 0 0 0.882 0 0 0.342 0 0 -0.118 0
100.99 0 -0.118 0 0 -0.342 0 0 0.882 0 0 0.302 0 0
113.20 -0.084 0 0 -0.324 0 0 0.881 0 0 0.324 0 0 -0.084
Tb2Sn2O7
E(meV)
|−6〉 |−5〉 |−4〉 |−3〉 |−2〉 |−1〉 |0〉 |1〉 |2〉 |3〉 |4〉 |5〉 |6〉
0 0 0.925 0 0 0.242 0 0 0.017 0 0 0.292 0 0
0 0 0 -0.292 0 0 0.017 0 0 -0.242 0 0 0.925 0
1.28 0 0 0.942 0 0 0.149 0 0 0.020 0 0 0.300 0
1.28 0 -0.300 0 0 0.020 0 0 -0.149 0 0 0.942 0 0
10.55 0.207 0 0 0.676 0 0 0 0 0 0.676 0 0 -0.207
15.80 -0.273 0 0 -0.641 0 0 -0.170 0 0 0.641 0 0 -0.273
34.00 -0.676 0 0 0.207 0 0 0 0 0 0.207 0 0 0.676
34.21 0 -0.229 0 0 0.964 0 0 0.113 0 0 -0.075 0 0
34.21 0 0 -0.076 0 0 -0.031 0 0 0.964 0 0 0.230 0
34.81 0.652 0 0 -0.274 0 0 -0.031 0 0 0.274 0 0 0.652
45.56 0 0 -0.147 0 0 0.982 0 0 0.112 0 0 -0.035 0
45.56 0 -0.035 0 0 -0.112 0 0 0.982 0 0 0.147 0 0
49.81 -0.027 0 0 -0.119 0 0 0.985 0 0 0.119 0 0 -0.027
crystal field parameters, and therefore we could not com-
pare these earlier calculations to our new experiment.
We note that Fig. 6, which illustrates the dynamic
range of the splitting of the 2J + 1 = 13 crystal field lev-
els in Tb2Ti2O7 and Tb2Sn2O7, makes it clear that the
overall scale or bandwidth for the crystal field splitting
is a factor of ∼ 2 greater in Tb2Ti2O7 compared with
Tb2Sn2O7. There are two free parameters within the
Fd3¯m space group that Tb2Ti2O7 and Tb2Sn2O7 share:
the lattice parameter of the conventional unit cell a and
the oxygen position parameter x, which determines the
positions of eight oxygen ions in the immediate vicin-
ity of the Tb3+ ion. It is the cubic lattice parameter,
a which, at room temperature, increases from Tb2Ti2O7
(a = 10.149 A˚) to Tb2Sn2O7 (a = 10.426 A˚) that is
largely responsible for the fact that the overall band-
width of crystal field splittings is smaller in Tb2Sn2O7
compared with Tb2Ti2O7. Such an effect is expected;
nonetheless, its scale is remarkably large.
Our newly determined eigenfunctions for the ground-
state and first excited crystal field state doublets in
Tb2Ti2O7 are more similar to those appropriate to
Tb2Sn2O7 than previously thought. As shown in Eqs.
(6) and (7) and Table III, the ground-state doublet in
Tb2Sn2O7 remains primarily mJ = |±5〉, while the first
excited state doublet remains primarily mJ = |±4〉. For
Tb2Ti2O7, the ground-state and first excited state dou-
blets are now determined to be a more equitable mixture
of the symmetry allowed mJ basis states, with the largest
component being mJ = |±5〉 for the ground-state and
mJ = |±4〉 for the first excited state doublets. These new
eigenfunctions also allow us to calculate the ground-state
magnetic moment for both Tb2Ti2O7 and Tb2Sn2O7,
which are 3.92(8)µB and 6.1(1)µB, respectively.
While the effective exchange interactions between
Tb3+ rare-earth moments are expected to be anisotropic
10
FIG. 6. Crystal field energy scheme for all the 2J + 1 = 13
levels for Tb3+ in (a) Tb2Ti2O7 and (b) Tb2Sn2O7, as de-
rived from our calculations of the magnetic neutron scatter-
ing cross section from transitions between crystal field states
(not to scale). These calculations employed the best-fit crystal
field parameter sets determined for Tb2Ti2O7 and Tb2Sn2O7
shown in Table II.
in nature, as found for both Yb2Ti2O7
23 and Er2Ti2O7,
26
and recently discussed for the case of Tb2Ti2O7,
67
the differences between the microscopic Hamiltonians
in Tb2Ti2O7 and Tb2Sn2O7 are likely to be subtle.
Tb2Ti2O7 has the more antiferromagnetic ΘCW and its
ground-state moment should be slightly smaller than that
of Tb2Sn2O7, a consequence of the significant admix-
ing of small mJ basis states into the eigenfunction of
the ground-state doublet. The smaller magnetic mo-
ment translates into weaker dipolar interactions. As
the near-neighbor part of the dipolar interactions on
the pyrochlore lattice is effectively ferromagnetic in na-
ture, both of these effects will tend to make Tb2Sn2O7
closer to the expectations of a dipolar spin ice ground
state.22 Recent neutron experiments are now showing a
disordered antiferromagnetically correlated spin ice state
in Tb2Ti2O7 at very low temperatures in zero field.
40
Therefore both materials exhibit a variant of the spin ice
ground state at sufficiently low temperatures, which is
consistent with the similarities between their structures,
low-lying crystal field states, and their interactions as
quantified through their ΘCW.
VI. CONCLUSIONS
We have performed new time-of-flight inelastic neu-
tron scattering spectroscopy experiments to characterize
the crystalline electric field states of Tb3+ in Tb2Ti2O7
and Tb2Sn2O7. These measurements probe transitions
out of the ground-state doublet alone at T = 1.5 K,
and out of the equilibrium distribution of the ground-
state and first excited state doublets at T = 30 K. We
use these magnetic excitation spectra to produce a ro-
bust determination of the eigenvalues and eigenfunctions
of the 2J + 1 = 13 crystal field states for the J = 6
Tb3+ magnetic moments in these materials. Our results
for Tb2Sn2O7 are consistent with a previous determina-
tion of these eigenfunctions and eigenvalues, for which
the ground-state doublet is principally comprised of the
mJ = |±5〉 basis states and the first excited state is prin-
cipally comprised of the mJ = |±4〉 basis states. Our
results for Tb2Ti2O7 are not consistent with previous
estimates, mainly due to a previously misidentified tran-
sition from the ground-state doublet near 14 meV. Our
new determination of the ground-state and first excited
state eigenfunctions in Tb2Ti2O7 show them to be made
up of a distribution of the symmetry allowed mJ basis
states, where the largest contribution to the ground-state
doublet comes from mJ = |±5〉, and the largest con-
tribution to the first excited state doublet comes from
mJ = |±4〉. This is in contrast with previous works,18,33
which had found the ground and excited doublets to be,
respectively, predominantly made of mJ = | ± 4〉 and
mJ = |±5〉. The detailed eigenfunctions and eigenvalues
for Tb2Ti2O7 and Tb2Sn2O7 are listed in Table III and
illustrated in Fig. 6.
These results show the bandwidth of the energy eigen-
values to be a remarkable factor of ∼ 2 greater in
Tb2Ti2O7 compared with Tb2Sn2O7. This is qual-
itatively consistent with the fact that the cubic py-
rochlore lattice is expanded in Tb2Sn2O7 compared with
Tb2Ti2O7.
Finally, we note that the precise nature of the low-
lying crystal field levels is central to both theoretical
proposals45,51 which have been put forward to explain
the lack of magnetic order in Tb2Ti2O7 to temperatures
much less than 1 K. Our results will help contribute to
the construction of a more precise theoretical model of
Tb2Ti2O7, which is vital to the potential resolution of
the debate of the nature of its perplexing ground state.
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